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A P≥k-factor of a graph G is a spanning subgraph F of G such that each component of F is a
path of order at least k (k ≥ 2). Akiyama et al. [J. Akiyama, D. Avis, H. Era, On a {1, 2}-factor
of a graph, TRU Math. 16 (1980) 97–102] obtained a necessary and sufficient condition
for a graph with a P≥2-factor. Kaneko [A. Kaneko, A necessary and sufficient condition for
the existence of a path factor every component of which is a path of length at least two,
J. Combin. Theory Ser. B 88 (2003) 195–218] gave a characterization of a graph with a
P≥3-factor. We define the concept of a P≥k-factor covered graph, i.e. for each edge e of
G, there is aP≥k-factor covering e (k ≥ 2). Based on these two results, we obtain respective
necessary and sufficient conditions defining a P≥2-factor covered graph and a P≥3-factor
covered graph.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
In this paper we consider finite graphs without loops or multiple edges. A path-factor is a spanning subgraph F of G such
that each component of F is a path of order at least two. This concept was proposed by Akiyama and Kano [2]. Let Pd be a
path of order d and P≥k = {Pi | i ≥ k}. Sometimes, we add some superscripts to Pd to distinguish different paths of order d,
for example Pid, P
j
d, . . . . An H-factor is a spanning subgraph, whose connected components are isomorphic to graphs from
the set H . Hence a P≥k-factor means a path factor in which each component has order at least k (k ≥ 2). Let Pk denote a
{Pk}-factor of G. Then a perfect matching of G is a factor P2.
Let I(G) be the set of isolated vertices of G and i(G) the number of isolated vertices of G. Akiyama et al. [1] obtained a
necessary and sufficient condition for a graph with a P≥2-factor.
Theorem 1.1 (Akiyama et al. [1]). A graph G has a P≥2-factor if and only if i(G− S) ≤ 2|S|, for any set S of vertices of G.
To characterize graphs with a P≥3-factor, Kaneko [5] introduced the concept of a sun. A graph H is called factor-critical
if H − v has a perfect matching for each v ∈ V(H). Let H be a factor-critical graph with vertex set V(H) = {v1, v2, . . . , vn}.
By adding new vertices {u1, u2, . . . , un} together with new edges {viui | 1 ≤ i ≤ n} to H, a new graph is obtained. Then the
resulting graph is called a sun. According to Kaneko, K1 and K2 are also suns. Usually, K1 is called a small sun and the others
are called big suns. If a component of G− S is isomorphic to a sun, it is called a sun component of G− S. Let Sun(G− S) be the
set of sun components of G− S and sun(G− S) the number of sun components of G− S. Kaneko gave a criterion for a graph
with a P≥3-factor. A simpler proof was presented by Kano et al. [6].
Theorem 1.2 (Kaneko [5]). A graph G has a P≥3-factor if and only if sun(G− S) ≤ 2|S|, for any set S of vertices of G.
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Hartvigsen et al. [4] posed a new problem, called the k-piece packing problem. For a non-negative integer k, a k-piece of a
graph G is a connected subgraph of G with maximum degree k. A k-piece packing is a set of pairwise vertex-disjoint k-pieces of
a graph G; and it is called perfect if it covers all the vertices of G. Obviously, a perfect 1-piece packing coincides with a perfect
matching, and P≥3-factor is a class of perfect 2-piece packings. Along this line, the k-piece packing problem generalizes the
early problems. Hartvigsen et al. [4] presented a Tutte-type characterization for graphs with a perfect k-piece packing, and
a Berge-type min-max formula as well. Later, Janata et al. [3] gave an Edmonds-Gallai type decomposition for the k-piece
packing problem.
A graph G is called a P≥k-factor covered graph, if for each edge e of G, there is a P≥k-factor covering e (k ≥ 2). Based on
the above two results, using an edge-contraction method Sections 2 and 3 respectively give characterizations forP≥2-factor
covered graphs and for P≥3-factor covered graphs.
We need some further notation. Let G be a graph with edge-set E(G) and vertex-set V(G). For a vertex x of G, a neighbor
of x means a vertex adjacent to x and the degree of x is the number of neighbors of x. If an end-vertex of an edge e of G is of
degree 1, e is called a pendant edge. Given a subset S ⊆ V(G), the subgraph of G induced by S is denoted by G[S]. In this paper,
the notation “∪” always stands for the disjoint union of two graphs, and kPd denotes the disjoint union of k copies of Pd.
2. P≥2-factor covered graphs
Lemma 2.1 (Kano et al. [6]). Let B be a bipartite graph with bipartition X∪Y such that |Y| = 2|X|. Then B has a {P3}-factor H such
that degH(x) = 2 for all x ∈ X and degH(y) = 1 for all y ∈ Y , if and only if |NB(S)| ≥ 2|S| for all S ⊆ X.
Theorem 2.2. Let G be a connected graph. ThenG is aP≥2-factor covered graph if and only if for any subset S of V(G), the following
three statements hold:
1. i(G− S) ≤ 2|S|,
2. if S is non-empty and there exists a component of G− S with at least two vertices, i(G− S) ≤ 2|S| − 1, and
3. if S is not an independent set, i(G− S) ≤ 2|S| − 2.
Proof. Necessity: Let S be any subset of V(G). For anyP≥2-factor {P1, P2, . . . , Pk} of G, put Ii := I(G−S)∩V(Pi), i = 1, 2, . . . , k.
Then
⋃k
i=1 Ii = I(G− S) and Ii ∩ Ij = ∅ for i 6= j. For each path Pi, 2|S ∩ V(Pi)| ≥ |Ii|. Then
2|S| =
k∑
i=1
2|S ∩ V(Pi)| ≥
k∑
i=1
|Ii| = |I(G− S)| = i(G− S).
So Statement 1 holds. If there exists a non-singleton component of G− S (i.e. with at least two vertices), there must exist an
edge e such that one end-vertex belongs to S and the other one is a non-isolated vertex of G− S since G is connected. Since
G is a P≥2-factor covered graph, there is a P≥2-factor {P1, P2, . . . , Pk} covering e. Without loss of generality, suppose that
e ∈ E(P1). Then |S ∩ V(P1)| ≥ |I1| and |S ∩ V(P1)| ≥ 1. Thus
2|S| =
k∑
i=1
2|S ∩ V(Pi)| ≥
k∑
i=2
|Ii| + 2|S ∩ V(P1)| ≥
k∑
i=1
|Ii| + |S ∩ V(P1)| ≥ i(G− S)+ 1.
This implies that i(G − S) ≤ 2|S| − 1. If S is not an independent set, let e be an edge of G with both end-vertices in S.
Let {P1, P2, . . . , Pk} be a P≥2-factor covering e and e ∈ E(P1). Then |S ∩ V(P1)| ≥ 2. Similarly, 2|S| = ∑ki=1 2|S ∩ V(Pi)| ≥∑k
i=1 |Ii| + |S ∩ V(P1)|. Then i(G− S) ≤ 2|S| − 2 and Statement 3 holds.
Sufficiency: For any edge e = uv of G, contract the edge e to one vertex ve. The resulting graph is denoted by Ge. We
distinguish two cases below to show that G has a P≥2-factor covering e.
Case 1. There exists a subset S of V(Ge) such that i(Ge − S) > 2|S|.
Fact 1. ve 6∈ S.
Proof. If ve ∈ S, let S′ := (S \ {ve})∪{u, v} ⊆ V(G). Then i(G− S′) = i(Ge− S) > 2|S| = 2|S′|−2. This violates Statement 3. 
Fact 2. ve is an isolated vertex of Ge − S.
Proof. If ve is a non-isolated vertex of Ge−S, then S ⊆ V(G) and I(Ge−S) = I(G−S) by Fact 1. Hence i(G−S) = i(Ge−S) > 2|S|,
contradicting Statement 1. 
Fact 3. i(Ge − S) = 2|S| + 1.
Proof. As I(Ge − S) \ {ve} = I(G− S), 2|S| ≥ i(G− S) = i(Ge − S)− 1 ≥ 2|S|. Then i(Ge − S) = 2|S| + 1. 
Fact 4. Each non-singleton component Di of G− S has a P≥2-factor.
Proof. For each Si ⊆ V(Di), 2|S|+2|Si| = 2|S∪Si| ≥ i(G−(S∪Si)) = i(Ge−(S∪Si))−1 = i(Ge−S)+i(Di−Si)−1 = 2|S|+i(Di−Si)
by Fact 3. This implies that i(Di − Si) ≤ 2|Si|. By Theorem 1.1, Di has a P≥2-factor. 
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Fig. 1. Illustration for the proof of Claim 2.
We construct a bipartite graph B = (S, I(G − S)) with all edges of G each of which has one end-vertex in S and the other
one in I(G− S). By Fact 3, |I(G− S)| = 2|S|.
Fact 5. Bipartite graph B = (S, I(G− S)) has a {P3}-factor.
Proof. Suppose that there exists a non-empty subset S′ of S such that |NB(S′)| < 2|S′|. Since |NB(S)| = 2|S|, ∅ 6= S′ ⊂ S. Take
S′′ := S \ S′. Then i(G− S′′) ≥ |I(G− S)| − |NB(S′)| > 2|S| − 2|S′| = 2|S− S′| = 2|S′′|, a contradiction. Hence |NB(S′)| ≥ 2|S′| for
every S′ ⊆ S. By Lemma 2.1, this fact is true. 
Therefore, by Facts 4 and 5P≥2-factors of all non-singleton components in G−S, a {P3}-factor of B = (S, I(G−S)), together
with an edge as a P2 component compose of a P≥2-factor of G, which covers e.
Case 2. i(Ge − S) ≤ 2|S| for all S ⊆ V(Ge).
By Theorem 1.1, Ge has aP≥2-factor. We choose aP≥2-factorP in Ge such thatP has the minimum number of connected
components. We shall show that the P≥2-factor P of Ge can derive a P≥2-factor of G covering e.
(*) Suppose, to the contrary, that G has no P≥2-factor covering e.
We now construct a digraph D describing the endvertex–midvertex adjacency relation among P3 components of P as
follows. Take each P3 component of P as a vertex; a vertex P3 is connected to a vertex P′3 in D by an arc if an end-vertex of
P3 is adjacent to the middle vertex of P′3 in G or Ge.
Claim 1. ve is the middle vertex of a P3 component of P .
Proof. Without loss of generality, suppose that ve ∈ V(P1), where P1 is a component of P . If |V(P1)| ≥ 4, split P1 into two
sub-paths P′1 and P′′1 such that |V(P′1)| ≥ 2, |V(P′′1)| ≥ 2 and ve is an end-vertex of P′1 or P′′1 , say P′1. Let v1 be the neighbor of ve
in P′1. Then v1 is a neighbor of u or v in G, say u. Then vuv1P′1 is a path of G. Thus (P \ {P1})∪ {P′′1} ∪ {vuv1P′1} is aP≥2-factor of G
that covers e. This contradicts supposition (*). So assume that |V(P1)| = 3. If ve is an end-vertex of P1, by the same argument
as above we also obtain a contradiction. Hence ve is the middle vertex of P1. 
Let Pw be a P3 component of P . Then we always denote this path by vw1 vw2 vw3 , i.e. vw1 and vw3 are the two end-vertices of Pw,
and vw2 is its middle vertex. By Claim 1, ve is the middle vertex of a P3 component P1 ofP . If v11 and v13 have distinct neighbors
in u and v in G, we assume that v11 ∈ NG(u) and v13 ∈ NG(v). Then (P \ {P1})∪ {v11uvv13} is aP≥2-factor of G that covers e. Hence
we may suppose that u is a common neighbor of both v11 and v13, but v is a neighbor of neither v11 nor v13.
Claim 2. If D has a sub-digraph D′ such that P1 ∈ V(D′) and D′ has a directed path from P1 to each vertex of D′, then
(i) the set consisting of vertex v and the end-vertices of all P3 paths in V(D′) is independent in G, and
(ii) D has an arc from a vertex in D′ to a vertex outside D′.
Proof. (i) Suppose, to the contrary, that a path Pt in V(D′) has an end-vertex (say vt1) adjacent to v or to another end-vertex
of a path in V(D′). Then D′ has a directed path P1P2 · · · Pt from P1 to Pt . We may suppose that each vi1 is adjacent to vi+12 ,
1 ≤ i < t. If vt1 is adjacent to v, replacing components P1, P2, . . . , Pt ofP with v13uvvt1, v11v22v23, . . . , vt−11 vt2vt3 (see the bold lines
in Fig. 1(a)), we get a P≥2-factor of G covering edge uv. If vt1 is adjacent to v
t
3, replacing components P1, P2, . . . , Pt of P with
vuv13, v
1
1v
2
2v
2
3, . . . , v
t−2
1 v
t−1
2 v
t−1
3 , v
t−1
1 v
t
2v
t
3v
t
1 (see the bold lines in Fig. 2 (b)), we get a P≥2-factor of G covering edge uv. These
contradict (*). If vt1 is adjacent to an end-vertex (say vw1 ) of a path Pw in V(D′), then (P \ {Pt, Pw}) ∪ {Ptvt1vw1 Pw} is another
P≥2-factor of Ge with less components than P . This contradicts the choice of P≥2-factor.
(ii) Let S be the set of middle vertices of all P3 paths in V(D′). If v is an isolated vertex of G− S, i(G− S) ≤ 2|S|; Otherwise,
v belongs to a component of G − S with at least two vertices. Then by Statement 2, i(G − S) ≤ 2|S| − 1. Hence at least one
end-vertex (say vt1) of a P3 path Pt in V(D′) is adjacent to a vertex x of G other than v and the vertices of all paths in V(D′).
Let P1P2 · · · Pt be a directed path of D′ from P1 to Pt , and let Px be a component of P including the vertex x. As before, we
may suppose that each vi1 is adjacent to v
i+1
2 , 1 ≤ i < t. If Px has order at least 4, split Px into P′x and P′′x such that both are of
order at least 2 and x is an end-vertex of P′x. P1∪P2∪· · ·∪ (Pt−{vt1})∪{v} plus some edges vu, v11v22, . . . , vt−11 vt2 has a spanning
subgraph tP3: {vuv13, v11v22v23, . . . , vt−11 vt2vt3} (see the bold lines in Fig. 1(c)). Then (P \ {P1, P2, . . . , Pt, Px}) ∪ tP3 ∪ P′′x ∪ {vt1xP′x}
is a P≥2-factor of G covering e, a contradiction. Hence Px is a path of order 3 and x is the middle vertex of it by the similar
arguments. That is, (Pt, Px) is an arc of D. 
Since P1 exists, by Claim 2 (ii) we have that D has infinite number of vertices by induction on the number of vertices in
sub-digraph D′ of Claim 2. This contradicts that G and Ge are finite. Hence G has a P≥2-factor covering e and G is P≥2-factor
covered. 
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Fig. 2. Illustration for the case n = 2 in the proof of Claim 2.
3. P≥3-factor covered graphs
Lemma 3.1 (Kano et al. [6]). Let D be a big sun with a pendant edge vv′. Then D− {v, v′} has a {P4}-factor.
Lemma 3.2 (Pulleyblank [7]). A graph G is factor-critical if and only if it is connected and each of its blocks is factor-critical.
Theorem 3.3. Let G be a connected graph. ThenG is aP≥3-factor covered graph if and only if for any subset S of V(G), the following
three statements hold:
1. sun(G− S) ≤ 2|S|,
2. if S 6= ∅ and there exists a non-sun component of G− S, sun(G− S) ≤ 2|S| − 1, and
3. if S is not an independent set, sun(G− S) ≤ 2|S| − 2.
Proof. Necessity: Let S be any subset of V(G). By Theorem 1.2, sun(G− S) ≤ 2|S|. For anyP≥3-factor {P1, P2, . . . , Pk} of G, put
S(Px ∪ · · · ∪ Py) := {D ∈ Sun(G− S)|D∩ V(Pi) 6= ∅ for some i ∈ {x, . . . , y}}. If S 6= ∅ and there exists a non-sun component C of
G− S, there must exist an edge e with one end-vertex in S and the other one in C. Since G is aP≥3-factor covered graph, there
is a P≥3-factor {P1, P2, . . . , Pk} such that e ∈ E(P1). Then |S ∩ V(P1)| ≥ |S(P1)| and |S ∩ V(P1)| ≥ 1. Without loss of generality,
assume that P1, P2, . . . , Pl are all path components such that S ∩ V(Pi) 6= ∅, 1 ≤ i ≤ l ≤ k. Then 2|S ∩ V(Pi)| ≥ |S(Pi)|,
i = 2, . . . , l. Hence
2|S ∩ (V(P2) ∪ · · · ∪ V(Pl))| = 2|(S ∩ V(P2)) ∪ · · · ∪ (S ∩ V(Pl))|
= 2|S ∩ V(P2)| + · · · + 2|S ∩ V(Pl)|
≥ |S(P2)| + · · · + |S(Pl)|
≥ |S(P2 ∪ · · · ∪ Pl)|.
By Theorem 1.2, no sun components of G− S can have a P≥3-factor. Thus, for each sun component D of G− S, there exists a
path Pi, 1 ≤ i ≤ l, such that D ∩ V(Pi) 6= ∅. Hence,
2|S| = 2|S ∩ V(P1)| + 2|S ∩ (V(P2) ∪ · · · ∪ V(Pl))|
≥ |S(P1)| + |S(P2 ∪ · · · ∪ Pl)| + |S ∩ V(P1)| ≥ sun(G− S)+ 1.
This implies that sun(G − S) ≤ 2|S| − 1. If S is not an independent set, let e be an edge of G with both end-vertices in S. Let
{P1, P2, . . . , Pk} be a P≥3-factor such that e ∈ E(P1). Then |S ∩ V(P1)| ≥ 2. Similarly, 2|S| = 2|S ∩ V(P1)| + 2|S ∩ (V(P2) ∪ · · · ∪
V(Pk))| ≥ |S(P1)| + |S(P2 ∪ · · · ∪ Pk)| + |S ∩ V(P1)| ≥ sun(G− S)+ 2. Then sun(G− S) ≤ 2|S| − 2 and Statement 3 holds.
Sufficiency: For an edge e = uv of G, contract the edge e to one vertex ve. The resulting graph is denoted by Ge. We
distinguish two cases below to show that G has a P≥3-factor covering e.
Case 1. There exists a subset S of V(Ge) such that sun(Ge − S) > 2|S|.
Fact 1. ve 6∈ S.
Proof. If ve ∈ S, let S′ := (S \ {ve}) ∪ {u, v}. Then sun(G− S′) = sun(Ge − S) > 2|S| = 2|S′| − 2. This violates Statement 3. 
Fact 2. ve belongs to a sun component of Ge − S with at least two vertices.
Proof. If ve belongs to a non-sun component of Ge−S or ve is an isolated vertex of Ge−S, then sun(G−S) ≥ sun(Ge−S) > 2|S|,
contradicting Statement 1. 
By Fact 2, we assume that ve belongs to a big sun component C1 of Ge − S. Then C1 corresponds to a non-sun component
of G− S.
Fact 3. sun(Ge − S) = 2|S| + 1
Proof. As Sun(Ge − S) \ {C1} = Sun(G− S), 2|S| ≥ sun(G− S) = sun(Ge − S)− 1 ≥ 2|S|. Then sun(Ge − S) = 2|S| + 1. 
Fact 4. Each non-sun component Di of G− S has a P≥3-factor.
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Proof. For each Si ⊆ V(Di), 2|S|+2|Si| = 2|S∪ Si| ≥ sun(G− (S∪ Si)) ≥ sun(Ge− (S∪ Si))−1 = sun(Ge− S)−1+ sun(Di− Si) =
2|S| + sun(Di − Si) by Fact 3. This implies that sun(Di − Si) ≤ 2|Si|. By Theorem 1.2, Di has a P≥3-factor. 
We construct a bipartite graph B′ = (S, Sun(G−S))with all edges of G each of which has one end-vertex in S and the other
one in a component in Sun(G− S). By Fact 3, |Sun(G− S)| = 2|S|. By a similar argument as in Fact 5 of Theorem 2.2, we have:
Fact 5. Bipartite graph B′ = (S, Sun(G− S)) has a {P3}- factor P3.
Proof. Let P3 = v1v2v3 be a component of factorP3. By Lemma 2.1, v2 ∈ S. Without loss of generality, suppose that v1 and v3
belong to sun components D1 and D2 of G− S respectively. If D1 is a big sun, let u1v1 be a pendant edge in D1. By Lemma 3.1,
D1 − {u1, v1} has a {P4}-factor. Otherwise, D1 = {v1}. Similarly for D2. Hence D1 ∪ D2 ∪ {v2} has a P≥3-factor. By the same
argument for other P3 components in P3, G[S ∪ Sun(G− S)] has a P≥3-factor. 
For component C1, let wve be a pendent edge of C1. Suppose that wu ∈ E(G). By Lemma 3.1, C1 − {w, ve} has a {P4}-factor.
Therefore, by Facts 4 and 5P≥3-factors of all non-sun components of G−S and G[S∪Sun(G−S)], a {P4}-factor of C1−{w, ve},
together with {vuw} as a P3 component form a P≥3-factor of G, which covers e.
Case 2. sun(Ge − S) ≤ 2|S| for each S ⊆ V(Ge).
By Theorem 1.2, Ge has aP≥3-factor. We choose aP≥3-factorP of Ge such thatP has the minimum number of connected
components. We shall show that P can derive a P≥3-factor of G covering e.
(**) Suppose, to the contrary, that G has no P≥3-factor covering e.
Claim 1. ve is a middle vertex of a Pl (l = 3, 4 or 5) component P1 of P .
Proof. Without loss of generality, suppose that ve ∈ V(P1), where P1 is a component of P . If |V(P1)| ≥ 6, split P1 into two
paths P′1 and P′′1 such that |V(P′1)| ≥ 2, |V(P′′1)| ≥ 3 and ve is an end-vertex of P′1. Let v1 be the neighbor of ve in P′1. Then v1 is a
neighbor of u or v in G, say u. Then vuv1P′1 is a path of G. Thus (P \ {P1}) ∪ {P′′1} ∪ {vuv1P′1} is a P≥3-factor of G covering e. This
contradicts supposition (**). So assume that |V(P1)| = 3, 4, or 5. If ve is an end-vertex of P1 or |V(P1)| = 5 and ve is a second
vertex of P1, by the same argument as above, we also obtain a contradiction. Hence ve is a middle vertex of P1. 
Let Pw be a Pl component ofP (l = 3, 4 or 5). Then we always denote this path by vw1 vw2 . . . vwl . Then vw2 or vw3 is the middle
vertex of Pw depending on whether l = 3 or 5. However we make a convention that vw2 is its middle vertex for l = 4 if we
choose suitable labels. By Claim 1, ve is the middle vertex of a Pl (l = 3, 4 or 5) component P1 ofP . If two neighbors v11 and v13
(or v12 and v14) of ve in P1 have distinct neighbors in G in u and v, we assume that v11 ∈ NG(u) and v13 ∈ NG(v) (or v12 ∈ NG(u) and
v14 ∈ NG(v)). Then (P \ {P1}) ∪ {v11uvv13} or (P \ {P1}) ∪ {v11uvv13v14} or (P \ {P1}) ∪ {v11v12uvv14v15} is a P≥3-factor of G that covers
e, a contradiction. Hence we may suppose that u is a common neighbor of both v11 and v13 (or v12 and v14), but v is a neighbor
of neither v11 nor v13 (or neither v12 nor v14). We use the notation (v1)v2 . . . vl to refer to the path v1v2 . . . vl or v2 . . . vl. Now, we
replace vertex ve in P1 by vertex u, and if there is no confusion, we also denote the resulting path P1. If a path Pi is of order l,
Pi may be denoted by Pil .
We now construct a digraph D describing the adjacency relation among P3, P4 and P5 components of P as follows: Take
each P3, P4 or P5 component of P as a vertex; a vertex Px is connected to a vertex Py by an arc if the corresponding paths Px
and Py satisfy one of the following conditions (a)–(c).
(a) an end-vertex of Px is adjacent to the middle vertex of Py; in particular, an end-vertex vx1 of P
x
3 or P
x
4 is only adjacent to v
y
2
of Py4,
(b) vertex vx3 of P
x
4 is adjacent to the middle vertex of Py, and
(c) If x = 1 and |V(Px)| = 5 with v12v14 ∈ E(G), v12, v14 or u or v is adjacent to the middle vertex of Py.
Under the assumption that D has a directed path P1P2 · · · Pt , we make Claims 2–4.
Claim 2. Let x be a vertex outside Pl, . . . , Pt and adjacent to the middle vertex vl of Pl (1 ≤ l ≤ t). If |V(Pt)| 6= 5,
G[Pl ∪ · · · ∪ (Pt − {vt1}) ∪ {x}] has a P≥3-factor covering xvl. If |V(Pt)| = 5, G[Pl ∪ · · · ∪ (Pt − {vt1, vt2}) ∪ {x}] has a P≥3-factor
covering xvl. If |V(Pt)| = 4, G[Pl ∪ · · · ∪ (Pt − {vt3, vt4}) ∪ {x}] has a P≥3-factor covering xvl. If Pl satisfies (c) and vv2 ∈ E(G), u is
an end-vertex of a path component in P≥3-factor. Otherwise, x is an end-vertex of a path component in P≥3-factor.
Proof. We show the Claim by induction on number n of vertices in directed path PlPl+1 · · · Pt in D. If n = 1, xvl2vl3(vl4), xvl3vl4vl5
and xvl2v
l
1 form aP≥3-factor covering xvl of G[(Pl− {vl1})∪ {x}], G[(Pl− {vl1, vl2})∪ {x}] and G[(Pl− {vl3, vl4})∪ {x}], respectively.
Suppose that Claim 2 holds for n = k ≥ 1. Let n = k + 1. Then PlPl+1 · · · Pl+k is a directed path in D. If Pl+k−1 and Pl+k satisfy
condition (c), then l = 1 and n = 2. If v12v2 ∈ E(G), {vuv14v15, v11v12v22v23(v24)}, {vuv14v15, v11v12v23v24v25} and {vuv14v15, v11v12v22v21} are
P≥3-factors covering uv in G[P1 ∪ (P2 − {v21}) ∪ {v}], G[P1 ∪ (P2 − {v21, v22}) ∪ {v}] and G[P1 ∪ (P2 − {v23, v24}) ∪ {v}] respectively,
depending on whether |V(P2)| 6= 5,= 5 or 4. If uv2 ∈ E(G), {vuv22v23(v24), v11v12v14v15}, {vuv23v24v25, v11v12v14v15} and {vuv22v21, v11v12v14v15}
are required P≥3-factors. If vv2 ∈ E(G), the respective P≥3-factors {uvv22v23(v24), v11v12v14v15}, {uvv23v24v25, v11v12v14v15} and{uvv22v21, v11v12v14v15} covers uv (see Fig. 2 (c) and (d)).
By induction hypothesis, G[Pl ∪ · · · ∪ (Pl+k−1 − {vl+k−11 }) ∪ {x}] or G[Pl ∪ · · · ∪ (Pl+k−1 − {vl+k−11 , vl+k−12 }) ∪ {x}] or
G[Pl ∪ · · · ∪ (Pl+k−1 − {vl+k−13 , vl+k−14 }) ∪ {x}] has a P≥3-factor covering xvl. If Pl+k−1 and Pl+k satisfy (a), the above suitable
P≥3-factors together with paths (vl+k−12 )v
l+k−1
1 v
l+k
2 P
l+k, (vl+k−12 )v
l+k−1
1 v
l+k
3 v
l+k
4 v
l+k
5 and (v
l+k−1
2 )v
l+k−1
1 v
l+k
2 v
l+k
1 form P≥3-factors
covering xvl of G[Pl ∪ · · · ∪ (Pl+k − {vl+k1 })∪ {x}], G[Pl ∪ · · · ∪ (Pl+k − {vl+k1 , vl+k2 })∪ {x}] and G[Pl ∪ · · · ∪ (Pl+k − {vl+k3 , vl+k4 })∪ {x}]
respectively. If they satisfy (b), it also follows once the above paths are replaced by vl+k−14 v
l+k−1
3 v
l+k
2 P
l+k, vl+k−14 v
l+k−1
3 v
l+k
3 v
l+k
4 v
l+k
5
and vl+k−14 v
l+k−1
3 v
l+k
2 v
l+k
1 . 
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Fig. 3. Illustration for the proof of Claim 3 with xvi1 ∈ E(G).
Fig. 4. The existence of P≥3-factor with xvi2 ∈ E(G) or xvi3 ∈ E(G).
Claim 3. Suppose that P1 satisfies (c) with vv22 ∈ E(G), Pi satisfies (b), 2 ≤ i ≤ t − 1, and |V(Pt)| = 4. Let vvt3 ∈ E(G) and
x ∈ (V(P1) \ {v12, v14}) ∪ · · · ∪ V(Pt) ∪ {v}. If 1. x 6= vi2 and xvi1 ∈ E(G), 2. x 6= vi1, vj2, vj3, v, 2 ≤ j ≤ t and xvi2 ∈ E(G), or 3.
x 6= vi4, vj2, vj3, v, 2 ≤ j ≤ t and xvi3 ∈ E(G), then G has a P≥3-factor covering e.
Proof. If vi1v
j
1 ∈ E(G) and j 6= 1, (P \ {Pi, Pj}) ∪ {Pivi1vj1Pj} is another P≥3-factor of Ge with less components than P . This
contradicts the choice ofP≥3-factor. If v11v
i
1 ∈ E(G), (P \{Pi, P1})∪{Pivi1v11v12}∪{vuv14v15} covers uv. If uvi1 ∈ E(G) (or vvi1 ∈ E(G)),
(P \ {Pi, P1}) ∪ {v11v12v14v15} ∪ {vuvi1Pi} (or {uvvi1Pi}) covers e. If vj2vi1 ∈ E(G) and j < i, (P \ {P1, Pj, Pj+1, . . . , Pt}) ∪ {v11v12v14v15} ∪
{uvvt3vt4}∪{vj1vj2vi1}∪{vj4vj3vj+12 vj+11 }∪· · ·∪{vi−14 vi−13 vi2}∪{vi4vi3vi+12 vi+11 }∪· · ·∪{vt−14 vt−13 vt2vt1} covers e (see Fig. 3(a)). If vj2vi1 ∈ E(G)
and j > i, (P \{P1, Pi, Pj, . . . , Pt})∪{v11v12v14v15}∪{uvvt3vt4}∪{Pivi1vj2vj1}∪{vj4vj3vj+12 vj+11 }∪· · ·∪{vt−14 vt−13 vt2vt1} covers e (see Fig. 3(b)).
If vj3v
i
1 ∈ E(G) and j < i, (P \ {P1, P2, . . . , Pj, Pi}) ∪ {v11v12v14v15} ∪ {uvv22v21} ∪ {v24v23v32v31} ∪ · · · ∪ {vj4vj3vi1Pi} covers e (see Fig. 3(c)).
If vj3v
i
1 ∈ E(G) and j > i, (P \ {P1, P2, . . . , Pj}) ∪ {v11v12v14v15} ∪ {uvv22v21} ∪ {v24v23v32v31} ∪ · · · ∪ {vi−14 vi−13 vi2} ∪ {vi4vi3vi+12 vi+11 } ∪ · · · ∪
{vj−14 vj−13 vj2vj1} ∪ {vi1vj3vj4} covers e (see Fig. 3(d)).
If vi2v11 ∈ E(G), (P \ {P1, Pi, . . . , Pt}) ∪ {v12v11vi2vi1} ∪ {vi4vi3vi+12 vi+11 } ∪ · · · ∪ {vt−14 vt−13 vt2vt1} ∪ {vt4vt3vuv14v15} covers e
(see Fig. 4(a)). If vi2u ∈ E(G), (P \ {P1, Pi, . . . , Pt}) ∪ {v11v12v14v15} ∪ {vi4vi3vi+12 vi+11 } ∪ · · · ∪ {vt−14 vt−13 vt2vt1} ∪ {vt4vt3vuvi2vi1} covers e
(see Fig. 4(b)). If vi3v11 ∈ E(G), (P \ {P1, P2, . . . , Pi}) ∪ {v12v11vi3vi4} ∪ {v15v14uvv22v21} ∪ {v24v23v32v31} ∪ · · · ∪ {vi−14 vi−13 vi2vi1} covers e
(see Fig. 4(c)). If vi3u ∈ E(G), (P \ {P1, P2, . . . , Pi}) ∪ {v11v12v14v15} ∪ {vi4vi3uvv22v21} ∪ {v24v23v32v31} ∪ · · · ∪ {vi−14 vi−13 vi2vi1} covers e
(see Fig. 4(d)). If x ∈ V(Pi), there exists a path P in G[V(Pi)] such that vi2 or vi3 is an end-vertex of P. If vi2 is an end-vertex of P,
G[P1 ∪ P2 ∪ · · · ∪ (Pi−1 − {vi−13 , vi−14 }) ∪ {v}] has a P≥3-factor P ′ covering e. Then (P \ {P1, . . . , Pi−1, Pi}) ∪ P ′ ∪ {vi−14 vi−13 vi2P}
covers e. If vi3 is an end-vertex of P, G[Pi+1 ∪ Pi+2 ∪ · · · ∪ (Pt−{vt3, vt4})∪{vi3}] has aP≥3-factorP ′ such that vi3 is an end-vertex
of a path component P′ of P ′. Then (P \ {P1, Pi, Pi+1, . . . , Pt}) ∪ (P ′ \ {P′}) ∪ {Pvi3P′} ∪ {vt4vt3vu} ∪ {v11v12v14v15} covers e. 
Claim 4. Suppose that Pl (i + 1 ≤ l ≤ t − 1, i ≥ 1) satisfies (b), |V(Pt)| = 4, and vt3 is adjacent to a vertex x of Pi. Assume that
if x is a middle vertex of Pi, either Pi satisfies (c) and x = u or a vertex of Pi−1 is adjacent to both vi2 and vi3 of Pi and x = vi2. If
1. |V(Pi)| = 3, 2. |V(Pi)| = 5 and x 6= vi1, 3. |V(Pi)| = 4 and Pi satisfies (a), 4. Pi satisfies (b) and vt3vi1 ∈ E(G) or vt3vi4 ∈ E(G),
5. Pi = P1 satisfies (c) with vv2 ∈ E(G), or 6. Pi = P1 satisfies (c) with uv2 ∈ E(G) or v12v2 ∈ E(G) and vt3v11 ∈ E(G), then G has a
P≥3-factor covering e.
Proof. If i ≥ 2, by Claim 2, G[P1 ∪ P2 ∪ · · · ∪ (Pi−1 − {vi−11 }) ∪ {v}] or G[P1 ∪ P2 ∪ · · · ∪ (Pi−1 − {vi−11 , vi−12 }) ∪ {v}] or
G[P1 ∪ P2 ∪ · · · ∪ (Pi−1 − {vi−13 , vi−14 }) ∪ {v}] has a P≥3-factor P ′ covering uv. By Claim 2, if vi1 (or vi3) is adjacent to a middle
vertex of Pi+1, G[Pi+1 ∪ · · · ∪ (Pt − {vt3, vt4})∪ {vi1} (or {vi3})] has a P≥3-factor P ′′ such that vi1 (or vi3) is an end-vertex of a path
component P of P ′′.
Let |V(Pi)| = 3. If vt3vi3 ∈ E(G) and i ≥ 2, then (P \ {P1, . . . , Pt}) ∪ P ′ ∪ (P ′′ \ {P}) ∪ {(vi−12 )vi−11 vi2vi1P} (or {vi−14 vi−13 vi2vi1P}
or {v11v12v22v21P}) ∪{vi3vt3vt4} or (P \ {P1, . . . , Pt}) ∪ (P ′′ \ {P}) ∪ {vuv22v21P} (or {uvv22v21P})∪{v11v12v14v15} ∪ {v23vt3vt4} covers e (see
Fig. 5 (a)). If vt3v
i
3 ∈ E(G) and i = 1, (P \ {P1, . . . , Pt}) ∪ (P ′′ \ {P}) ∪ {vuv11P} ∪ {vt4vt3v13} covers e. If vt3vi1 ∈ E(G)
and i ≥ 2, then (P \ {P1, . . . , Pt}) ∪ P ′ ∪ (P ′′ \ {P}) ∪ {vt4vt3vi1P} ∪ {(vi−12 )vi−11 vi2vi3} (or {vi−14 vi−13 vi2vi3} or {v11v12v22v23})or
(P \ {P1, . . . , Pt}) ∪ (P ′′ \ {P}) ∪ {vt4vt3v21P} ∪ {vuv22v23} (or {uvv22v23})∪{v11v12v14v15} covers e (see Fig. 5 (b)). If vt3vi1 ∈ E(G) and
i = 1, (P \ {P1, . . . , Pt}) ∪ (P ′′ \ {P}) ∪ {vt4vt3v11P} ∪ {vuv13} covers e.
By the same arguments as above, if |V(Pi)| = 5 and x 6= vi1, the result holds (see Fig. 6). Let |V(Pi)| = 4. First assume that
Pi satisfies (a). If x 6= vi2, the result holds similarly as above (see Fig. 7).
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Fig. 5. Illustration for the existence of P≥3-factor in the case of |V(Pi)| = 3.
Fig. 6. Illustration for the case of |V(Pi)| = 5.
Fig. 7. Illustration for the case of |V(Pi)| = 4 and x 6= vi2 .
Fig. 8. Illustration for the case of |V(Pi)| = 4 and x = vi2 .
If x = vi2, a vertex of Pi−1 is adjacent to both vi2 and vi3. Then (P \ {P1, . . . , Pt}) ∪ P ′ ∪ P ′′ ∪ {vt4vt3vi2} ∪ {vi−12 vi−11 vi3vi4} (or
{vi−14 vi−13 vi3vi4}), or (P \ {P1, . . . , Pt})∪P ′′∪{vt4vt3v22}∪ {v11v12v23v24}∪ {vuv14v15}, or (P \ {P1, . . . , Pt})∪P ′′∪{vt4vt3v22}∪ {v11v12v14v15}∪{vuv23v24} (or {uvv23v24}) (see Fig. 8) covers e.
Suppose that Pi satisfies (b). If vt3v
i
1 ∈ E(G) and i ≥ 2, (P \ {P1, . . . , Pt})∪P ′∪ (P ′′ \ {P})∪{vi4vi3P}∪ {(vi−12 )vi−11 vi2vi1vt3vt4} (or
{vi−14 vi−13 vi2vi1vt3vt4} or {v11v12v22v21vt3vt4}) or (P \ {P1, . . . , Pt}) ∪ (P ′′ \ {P}) ∪ {vi4vi3P} ∪ {v11v12v14v15} ∪ {vuv22v21vt3vt4} (or {uvv22v21vt3vt4})
covers e (see Fig. 9 (a)). If vt3v
i
1 ∈ E(G) and i = 1, (P \ {P1, . . . , Pt}) ∪ (P ′′ \ {P}) ∪ {v14v13P} ∪ {vt4vt3v11uv} covers e.
If vt3v
i
4 ∈ E(G) and i ≥ 2, (P \ {P1, . . . , Pt}) ∪ P ′ ∪ (P ′′ \ {P}) ∪ {vt4vt3vi4vi3P} ∪ {(vi−12 )vi−11 vi2vi1} (or {vi−14 vi−13 vi2vi1} or{v11v12v22v21}) or (P \ {P1, . . . , Pt}) ∪ (P ′′ \ {P}) ∪ {vt4vt3vi4vi3P} ∪ {v11v12v14v15} ∪ {vuv22v21} (or {uvv22v21}) covers e (see Fig. 9 (b)). If
vt3v
i
4 ∈ E(G) and i = 1, (P \ {P1, . . . , Pt}) ∪ (P ′′ \ {P}) ∪ {vt4vt3v14v13P} ∪ {vuv11} covers e. Now assume that Pi = P1 satisfies
(c). Then G[P2 ∪ · · · ∪ (Pt − {vt3, vt4}) ∪ {v} (or {u} or {v12})] has a P≥3-factor P ∗ such that v (or u or v12) is an end-vertex
of a path component P of P ∗. If vv2 ∈ E(G), (P \ {P1, . . . , Pt}) ∪ (P ∗ \ {P}) ∪ {v15v14uvP} ∪ {vt4vt3v11v12} (or {vt4vt3v12v11}) or
(P \ {P1, . . . , Pt}) ∪ (P ∗ \ {P}) ∪ {v11v12v14v15} ∪ {vt4vt3uvP} covers e (see Fig. 9 (c)). If v12v2 ∈ E(G) or uv2 ∈ E(G) and vt3v11 ∈ E(G),
(P \ {P1, . . . , Pt}) ∪ (P ∗ \ {P}) ∪ {vt4vt3v11v12P} ∪ {vuv14v15} or (P \ {P1, . . . , Pt}) ∪ (P ∗ \ {P}) ∪ {vuP} ∪ {vt4vt3v11v12v14v15} covers e
(see Fig. 9 (d)). The claim holds. 
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Fig. 9. Illustration for the case of Pi satisfying (b) or (c).
Fig. 10. Illustration for the choice of subset S.
Now, we define a subset S of V(G). Let (Px, Py) be an arc of D. If Px = P1 satisfies (a) or (b), u ∈ S (see Fig. 10 (a)). Assume
that Px = P1 satisfies (c). If |V(Py)| 6= 4 or |V(Py)| = 4 and v, u, v12 is only adjacent to vy2 of Py, {v12, v14, vy} ⊆ S (see Fig. 10 (b)).
Otherwise, if v12v
y
2 ∈ E(G) and v12vy3 ∈ E(G) or uvy2 ∈ E(G) and uvy3 ∈ E(G), S ∩ (V(Px) ∪ V(Py)) = ∅ (see Fig. 10 (c)). If vvy2 ∈ E(G)
and vvy3 ∈ E(G), {v12, v14} ⊆ S and S ∩ V(Py) = ∅ (see Fig. 10 (d)). Then Px satisfies (a) or (b). If |V(Py)| 6= 4 or |V(Py)| = 4 and
a vertex of Px is only adjacent to vy2 of Py, vy ∈ S (see Fig. 10 (e)). Otherwise, S ∩ V(Py) = ∅ (see Fig. 10 (f)). The existence of
subset S will play an important role in the following claim.
Claim 5. If D has a sub-digraph D′ that has a directed path from P1 to each vertex of D′, then
(i) the set consisting of vertex v and the vertices, disjoint from S,of all P3, P4, P5 paths in V(D′) is independent in G.
(ii) D has an arc from a vertex in D′ to a vertex outside D′.
Proof. (i) Suppose, to the contrary, that a path Pt in V(D′) has a vertex w′ adjacent to v or to other vertex w of a path in
V(D′), where w,w′ 6∈ S. Then D′ has a directed path P1P2 · · · Pt from P1 to Pt . First assume that w′v ∈ E(G). If t = 1, it
is easy to obtain a path P in G[V(Pt)] covering e. Thus (P \ {Pt}) ∪ {P} contradicts supposition (**). So t ≥ 2. Let x be a
vertex adjacent to a middle vertex of P2. By Claim 2, G[P2 ∪ · · · ∪ (Pt − {vt1}) ∪ {x}] or G[P2 ∪ · · · ∪ (Pt − {vt1, vt2}) ∪ {x}] or
G[P2 ∪ · · · ∪ (Pt − {vt3, vt4}) ∪ {x}] has a P≥3-factor P ′ and x is an end-vertex of a path component P of P ′. If P1 satisfies
(a), x = v11. (P ′ \ {P}) ∪ {(v12)v11P} ∪ {(vt2)vt1vu . . . v1|V(P1)|} (or {vt1vt2vu . . . v1|V(P1)|} or {vt4vt3vu . . . v1|V(P1)|} or {vt3vt4vu . . . v1|V(P1)|})
covers e. If P1 satisfies (b), x = v13. (P ′ \ {P}) ∪ {v14v13P} ∪ {(vt2)vt1vuv11} (or {vt1vt2vuv11} or {vt4vt3vuv11} or {vt3vt4vuv11}) covers e. If
P1 satisfies (c) and x = v12, (P ′ \ {P}) ∪ {v11v12P} ∪ {(vt2)vt1vuv14v15} (or {vt1vt2vuv14v15} or {vt4vt3vuv14v15} or {vt3vt4vuv14v15}) covers e. If
P1 satisfies (c) and x = u, then (P ′ \ {P}) ∪ {v11v12v14v15} ∪ {(vt2)vt1vuP} (or {vt1vt2vuP} or {vt4vt3vuP} or {vt3vt4vuP}) covers e. Then
P1 satisfies (c) and x = v. Let Pi be the first path such that Pi satisfies (a). If Pi exists, G[Pi+1 ∪ · · · ∪ (Pt − {vt1}) ∪ {vi1}] or
G[Pi+1 ∪ · · · ∪ (Pt − {vt1, vt2}) ∪ {vi1}] or G[Pi+1 ∪ · · · ∪ (Pt − {vt3, vt4}) ∪ {vi1}] has a P≥3-factor P ′′ such that vi1 is an end-vertex
of a path component P of P ′′. Then (P ′′ \ {P}) ∪ {Pivi1P} ∪ {v11v12v14v15} ∪ {(vt2)vt1vu} (or {vt1vt2vu} or {vt3vt4vu} or {vt4vt3vu}) covers
e. So Pi does not exist. If w′ = vt1, (P \ {P1, Pt}) ∪ {v11v12v14v15} ∪ {uvvt1Pt} contradicts supposition (**). If |V(Pt)| = 5 and w′ = vt2,
(P \ {P1, Pt})∪ {v11v12v14v15} ∪ {uvvt2vt1} ∪ {vt3vt4vt5} contradicts supposition (**). So |V(Pt)| = 4 and P2, . . . , Pt−1 satisfy condition
(b). If vt−13 of Pt−1 is only adjacent to v
t
2 of Pt , by the definition of S, v
t
2 ∈ S. Otherwise, vt2 is symmetrical to vt3. So assume that
w′ = vt3. As vv22v23 . . . vt−12 vt−13 vt2vt3v is an odd cycle, by sun(G− {v12, v14}) ≤ 2|{v12, v14}| − 2 = 2, another vertex w′′ of Pi must be
adjacent to a vertex x besides its neighbor in Pi, where w′′, x 6∈ S and if w′′ = vi2 or vi3, then x 6= vj2, vj3, v, 2 ≤ j ≤ t. Let Px be a
component of P including the vertex x. If x ∈ (V(P1) \ {v12, v14}) ∪ · · · ∪ V(Pt) ∪ {v}, by Claim 3, G has a P≥3-factor covering e,
contradicting supposition (**). Then Px is different from P1, P2, . . . , Pt . If |V(Px)| ≥ 6, split Px into P′x and P′′x such that x is an end-
vertex of P′x and |V(P′x)| ≥ 2, |V(P′′x )| ≥ 3. If w′′ 6= vi2, aP≥3-factor of G[P1∪· · ·∪(Pi−{vi1})∪{v}] or G[P1∪· · ·∪(Pi−{vi3, vi4})∪{v}],{P′′x }, together with {vi1xP′′x } or {vi4vi3xP′′x } or {vi3vi4xP′′x } covers e. If w′′ = vi2, G[Pi+1∪· · ·∪ (Pt−{vt3, vt4})∪{vi3}] has aP≥3-factorP ′
such that vi3 is an end-vertex of a path component P ofP ′. Then (P ′ \ {P})∪ {vi4vi3P} ∪ {vt4vt3vu} ∪ {v11v12v14v15} ∪ {vi1vi2xP′x} ∪ {P′′x }
covers e. By the same arguments as above, if x is an end-vertex of Px or |V(Px)| = 5 and x is the second vertex of Px or if
|V(Px)| = 4 and vi1vx2, vi1vx3 ∈ E(G), G[P1 ∪ · · · ∪ Pi ∪ Px ∪ {v}] has a P≥3-factor covering e. If |V(Px)| = 4 and vi4vx2, vi4vx3 ∈ E(G),
G[Pi+1 ∪ · · · ∪ (Pt − {vt3, vt4}) ∪ {vi3}] has a P≥3-factor P ′ such that vi3 is an end-vertex of a path component P of P ′. Then
(P ′ \ {P}) ∪ {vi1vi2vi3P} ∪ {vt4vt3vu} ∪ {vx1vx2vi4vx3vx4} ∪ {v11v12v14v15} covers e. All contradict supposition (**).
Next suppose thatw ∈ V(Pi), i 6= t.G[P1∪· · ·∪(Pi−{vi1})∪{v}]orG[P1∪· · ·∪(Pi−{vi1, vi2})∪{v}]orG[P1∪· · ·∪(Pi−{vi3, vi4})∪{v}]
has a P≥3-factor P ′ covering e. If w′ is an end-vertex of Pt , P ′ ∪ {(vi2)vi1vt1Pt} (or {vi1vi2vt1Pt} or {(vi4)vi3vt1Pt} or {vi3vi4vt1Pt}) or
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Fig. 11. Illustration for the existence of P≥3-factor in the case of vt3w ∈ E(G).
Fig. 12. Illustration for the remaining four cases and the choice of subset S1 .
{v11v12v14v15} ∪ {vuvt1Pt} covers uv. If |V(Pt)| = 5 and w′ = vt2, P ′ ∪ {vt3vt4vt5} ∪ {(vi2)vi1vt2vt1} (or {vi1vi2vt2vt1} or {(vi4)vi3vt2vt1} or{vi3vi4vt2vt1}) or {v11v12v14v15} ∪ {vuvt2vt1} ∪ {vt3vt4vt5} covers uv. As w′ 6∈ S, |V(Pt)| = 4. If a vertex of Pt−1 is only adjacent to vt2 of Pt ,
w′ 6= vt2, since vt2 ∈ S. Otherwise, vt3 is symmetrical to vt2. Let Pl (l ≥ i+ 1) be the first path such that Pl satisfies (a). If Pl exists,
G[Pl+1 ∪ · · · ∪ (Pt − {vt3, vt4}) ∪ {vl1}] has a P≥3-factor P ′′ such that vl1 is an end-vertex of a path component P of P ′′. Then
P ′∪(P ′′\{P})∪{Plvl1P}∪· · ·∪{(vi2)vi1vt3vt4} (or {vi1vi2vt3vt4} or {(vi4)vi3vt3vt4} or {vi3vi4vt3vt4}) or (P ′′\{P})∪{Plvl1P}∪{vt4vt3uv}∪{v11v12v14v15}
(see Fig. 11) covers uv. If Pl does not exist, by Claim 4 and supposition (**), there are four cases left: (i) |V(Pi)| = 5 and
vt3v
i
1 ∈ E(G) (see Fig. 12 (a)), (ii) Pi satisfies (b) and vt3vi3 ∈ E(G) (see Fig. 12 (b)), (iii) Pi satisfies (b), a vertex of Pi−1 is adjacent
to both vi2 and v
i
3 of Pi and v
t
3v
i
2 ∈ E(G) (see Fig. 12 (c)), (iv) Pi = P1 satisfies (c) with v12v22 ∈ E(G) or uv22 ∈ E(G) and vt3v12 ∈ E(G)
or vt3u ∈ E(G) (see Fig. 12 (d)).
We obtain an odd cycle in case (i): vi1v
i+1
2 v
i+1
3 . . . v
t−1
2 v
t−1
3 v
t
2v
t
3v
i
1, (ii) v
i
3v
i+1
2 v
i+1
3 . . . v
t
2v
t
3v
i
3, (iii) v
i
2v
i−1
1 v
i
3v
i+1
2 v
i+1
3 . . . v
t
2v
t
3v
i
2, if
vi−11 v
i
2 ∈ E(G) and vi−11 vi3 ∈ E(G), or vi2vi−13 vi3vi+12 vi+13 . . . vt2 vt3vi2, if vi−13 vi2 ∈ E(G) and vi−13 vi3 ∈ E(G), or v22v12v23 . . . vt2vt3v22, if
v12v
2
2 ∈ E(G) and v12v23 ∈ E(G), or v22uv23v32v33 . . . vt2vt3v22, if uv22 ∈ E(G) and uv23 ∈ E(G), or v22vv23v32v33 . . . vt2vt3v22, if vv22 ∈ E(G) and
vv23 ∈ E(G), (iv) v12v22v23 . . . vt2vt3v12, if v12v22 ∈ E(G) and v12vt3 ∈ E(G), or uv14v12v22v23 . . . vt2vt3u, if v12v22 ∈ E(G) and uvt3 ∈ E(G), or
v12v
1
4uv
2
2v
2
3 . . . v
t
2v
t
3v
1
2, if uv22 ∈ E(G) and v12vt3 ∈ E(G), or uv22v23 . . . vt2vt3u, if uv22 ∈ E(G) and uvt3 ∈ E(G) (see the bold lines in
Fig. 12). We take a subset S defined as above. In case (i), vi3 ∈ S and S∩ (V(Pi+1 ∪ · · · ∪ V(Pt))) = ∅ (see Fig 12. (a)). In case (ii)
and (iii), let Pj (j ≤ i−1) be the first path such that a vertex of Pj is adjacent to exactly one middle vertex vj+12 or vj+13 of Pj+1. If
Pj exists, vj+1 ∈ S and S∩ (V(Pj+2)∪· · ·∪V(Pt)) = ∅ (see Fig. 12(b)). If Pj does not exist, Pj = P1. If Pj satisfies (a) or (b), S = {u}.
If Pj satisfies (c) with uv22 ∈ E(G) and uv23 ∈ E(G) or v12v22 ∈ E(G) and v12v23 ∈ E(G), S = ∅. If Pj satisfies (c) with vv22 ∈ E(G) and
vv23 ∈ E(G), S = {v12, v14}. In case (iv), S = ∅. Denote by G1 = G[V(P1)∪ · · ·∪V(Pt)∪{v}]. By the choice of S, the sun components
of G1− S violate Statements (i)–(iii). Thus, a vertex w′′ of Pi must be adjacent to a vertex x besides its neighbor in Pi. Let Px be
a component of P including x. If x ∈ V(P1) ∪ · · · ∪ V(Pt) ∪ {v}, by the similar arguments as above, G either has a P≥3-factor
covering e, or has a subset S such that the sun components of G1 − S violate Statements (i)–(iii). Thus, Px is different from
P1, . . . , Pt . By the same arguments as above, G has a P≥3-factor covering e. This contradicts supposition (**).
Then assume that w ∈ V(Pt). First assume that t = 1. If |V(Pt)| 6= 5 or |V(Pt)| = 5 and v12v14 6∈ E(G), G[V(P1)] has a path P
covering e. Then (P \ {P1}) ∪ {P} contradicts supposition (**). If |V(Pt)| = 5 and v12v14 ∈ E(G), G[P1 ∪ {v}] contains a sun. As
sun(G) ≤ 0, at least one vertex x of P1 ∪{v} is adjacent to a vertex besides its neighbor in P1. Hence G[V(P1)] has a path cover-
ing e. So assume that t ≥ 2. If |V(Pt)| 6= 5 or |V(Pt)| = 5 and w and w′ are not the second and the fourth vertices respectively,
G[V(Pt)] has a path P such that vt2 or vt3 is an end-vertex of P. Then vt−11 or vt−13 is adjacent to an end-vertex of P. By the same
arguments as above, G has aP≥3-factor covering uv, a contradiction. So assume that |V(Pt)| = 5 and w = vt2,w′ = vt4. Denote
by P = vt1vt2vt4vt5. If |V(Pt−1)| = 5, aP≥3-factor of G[P1∪· · ·∪(Pt−1−{vt−11 , vt−12 })∪{v}], {vt−12 vt−11 vt3}, together with path P covers
uv, a contradiction. Similarly, we get a contradiction if Pt−1 satisfies (b). Then |V(Pt−1)| = 3 or 4 and Pt−1 satisfies (a). First as-
sume that |V(Pt−1)| = 4. If a vertex of Pt−2 is adjacent to both vt−12 and vt−13 , aP≥3-factor of G[P1∪· · ·∪(Pt−2−{vt−21 , vt−22 })∪{v}]
or G[P1 ∪ · · · ∪ (Pt−2 − {vt−23 , vt−24 }) ∪ {v}], {P}, {vt−12 vt−11 vt3}, together with {vt−22 vt−21 vt−13 vt−14 } (or {vt−24 vt−23 vt−13 vt−14 }) (see Fig. 13
(a) (b)) covers uv. If Pt−2 = P1 satisfies (c) with v12v23 ∈ E(G), {v11v12v23v24} ∪ {v22v21v33} ∪ {P} ∪ {vuv14v15} covers e. If Pt−2 = P1
satisfies (c) with uv23 ∈ E(G) (or vv23 ∈ E(G)), {v11v12v14v15} ∪ {v22v21v33} ∪ {P} ∪ {vuv23v24} (or {uvv23v24}) covers e. All are contradictions.
Then a vertex of Pt−2 is only adjacent to vt−12 of Pt−1. Denote by P′t−1 = vt3vt−11 vt−12 vt−13 vt−14 . Since an end-vertex vt3 of P′t−1 is
adjacent to a middle vertex of P, and an end-vertex or a middle vertex of Pt−2 is adjacent to a middle vertex of P′t−1, (P′t−1, P)
and (Pt−2, P′t−1) are two arcs of D (see Fig. 13 (c)). If |V(Pt−1)| = 3, denote by P′t−1 = vt−13 vt−12 vt−11 vt3. Similarly, (P′t−1, Pt) and
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Fig. 13. Illustration for the existence of P≥3-factor and two arcs of D.
(Pt−2, P′t−1) are two arcs of D (see Fig. 13 (d)). Thus D′ has a directed path from P1P2 · · · Pt−2P′t−1P from P1 to P. Define a subset
S similarly as above. Denote by G2 = G[V(P1)∪ · · · ∪ V(P)∪ {v}]. As the sun components of G2 − S violate Statements (i)–(iii),
a vertex of V(G2) is adjacent to another vertex different from its neighbor in the path. By the same arguments as above and
|V(P)| = 4, G has a P≥3-factor covering e. This contradicts supposition (**).
(ii) Let S be the subset of G defined above. By Statements (i)–(iii), at least one vertex w, disjoint from S of a P3 (or P4, P5) path
Pt in V(D′) is adjacent to a vertex x of G other than v and the vertices of all paths in V(D′). Let P1P2 · · · Pt be a directed path from
P1 to Pt and let Px be a component ofP including the vertex x. As before, we may assume that each vi1 is adjacent to a middle
vertex vi+1, or each vi3 is adjacent to a middle vertex vi+1, or v12, u, v is adjacent to a middle vertex vi+1, 1 ≤ i < t. First assume
that w 6= u. By Claim 2, G[P1∪· · ·∪ (Pt−{vt1})∪{v}] or G[P1∪· · ·∪ (Pt−{vt1, vt2})∪{v}] or G[P1∪· · ·∪ (Pt−{vt3, vt4})∪{v}] has a
P≥3-factor P ′ covering e. If |V(Px)| ≥ 6, split Px into P′x and P′′x such that x is an end-vertex of P′x and |V(P′x)| ≥ 2, |V(P′′x )| ≥ 3.
Then P ′ ∪ {P′′x } ∪ {(vt2)vt1xP′x} (or {vt1vt2xP′x} or {(vt4)vt3xP′x} or {vt3vt4xP′x}) covers uv. If w is adjacent to an end-vertex of Px,
P ′ ∪ {(vt2)vt1xPx} (or {vt1vt2xPx} or {(vt4)vt3xPx} or {vt3vt4xPx}) covers uv. Both contradict supposition (**). By the same argu-
ment, if |V(Px)| = 5 and w is adjacent to the second vertex of Px or if |V(Pt)| = 3 or 4, |V(Px)| = 4 and vt1vx2, vt1vx3 ∈ E(G),
G[P1 ∪ · · · ∪ Pt ∪ Px ∪ {v}] has a P≥3-factor covering e. So assume that w = u. As u 6∈ S, by the definition of S, P1 satisfies (c).
Then {v11v12v14v15} ∪ {vuxP′x} ∪ {P′′x }, {v11v12v14v15} ∪ {vuxPx} and {v11v12v14v15} ∪ {vuvx2vx1} ∪ {vx3vx4vx5} cover e, a contradiction. Hence Px is
of order 3, 4 or 5 and x is a middle vertex of it by the similar argument. That is, (Pt, Px) is an arc of D. 
Since P1 exists, by Claim 5(ii) we have that D has infinite number of vertices by induction on the number of vertices on
sub-digraph D′ of Claim 5. This contradicts that G is finite. Hence G has a P≥3-factor covering e and G is P≥3-factor covered.

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